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SOLUTIONS. 


a 
608. [L!. 14. a.] A parallelogram circumscribes the ellipse StH, and 


two of its corners move on Ax?+2Hxy+ By?=1. Shew that the other two 
move on Bo'a* — 2 Ha*b*xy + Aaty? = 672? + a*y? — a?b*. 
The tangents at a, 8 to {+5=1 meet at the point 
a (O83(2+8) 4 sing(atB) 
“cos $(a—By °° cos}(a—B)’ 
and those at 7+a, £ at the point 
sint(at+B) _, cos}(atf) 


**sing(@2—B)Y —°'sin$(a—B)’ 
or putting $(a+8)=6, 4(a—8)=¢, these points are 
(<— bsin °) 1 (“ sin@ _ bcos ®) 
cosh’ cosd sing’ sings 

The first of these lies on the given conic ; 

. Aa*cos?§+2Hab sin 6 cos 6+ Bb?sin?@=cos*¢. 

Hence, calling the second (x, y), it satisfies 

2 2 2 oa 
ye xy "pene Seek, care Le 
Aa a 2Hab. 7 + Bb - 7a = cot ) at pi 
as given. 

609. [K.2.a.] Jf O be any point on the circumeircle of a triangle ABC, 
and if OA, OB, OC meet the opposite sides in a, b, c respectively, shew that 
the straight line on which lie the points of intersection of ab and AB, be 
and BC, ca and CA, passes through a point which is independent of the 
position of O. 


The point O being (a’, f’, y’), the point a is (0, B’, y’). Hence the 
equation to bc is 
| a, B, 


| a’, 0, 
| 
a’, B, 
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and the intersection of this with a=0 lies on 


otptt=0 
and so for the other two. 
Also, since 0 is on the circumcircle, the line last written passes through 
the fixed point (a, 5, c). 


610. [R.4.a.] A regular tetrahedron of height h has a tetrahedron of 
height xh cut off by a plane parallel to the base. When the remaining frustum 
ts placed on one of its slant faces on a horizontal plane, it is just on the 
point of falling over. Shew that x is a root of the equation 


B+e+xr=2. 
Let O be the common vertex, A and A’ the centres of the bases. The 


volumes of the tetrahedra are as 1 : 2° and the distances of their centres of 
vity from O are 3h, #vh. Hence the distance of G, the c. of a. of the 


rustum, from QO is 
= : - 
pathateth_y, (42)0+29) 


1+e+27 
Is eh PEEVE +2") : 
Hence A'G=%-a2h= “40 +042) falas actbenadcunssausbaukes (i) 


Let AW be the 1" from O on the edge of the base in contact with the 
ground, and let ON cut the other edge in WV’. Then by the question, GN’ 


fe 
must be vertical. Now the edge of the larger tetrahedron is 4 ; 


V2 
, Ss /3 V3 1 nent PTS : 
° AB my: > > Fe hms: ee aan m. 
But ONG’ is a right angle ; 
1 2 
= A'G.ch=(—\. 2h) oe Seer: ii 
ma $ (ii) 


Equating the values in (i) and (ii), we get the required equation. 


611. [R. 9. b.a.] Two equal balls A and B are placed on an inclined 
plane and start from rest at the same instant. After the lower ball B has 
passed over a _— b it impinges perpendicularly on a plane (coefficient of 
elasticity e), and after rebounding comes to rest just as it strikes A. Prove that 

a 


p= 2e(e+1), 


where a is the initial distance between the balls. 


The striking velocity of B is /2gsina.b, and -. its velocity after impact 
is e/2gsina.b; ©. after impact B describes a distance up the plane 





e?(2q sin a. b) _ op, 
2g sin a 





Also the total time B is in motion is (1+e)-/- 2b , and in this time A 
describes a distance gsina 


2b ‘ 
gsin rie +7. 


Hence b(1+eP+eb=a+), 
te. a=b(2e + 2e?). 





$gsina.(1+e). 
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612. [L'. 7.c.] P is a point on a hyperbola, PN its ordinate, M a point 
on the conjugate axis such that AM=CP. Prove that if S be a focus, 


CM: PN=CS : CB, 
and if P’, M’ be a corresponding pair of points, PM’=P'M. 
We have CN?+ PN?=CA?+ CM. 
But PN? ; CN?-—CA?=CB : CA? ; 
. PN?: PN?+CN?-CA?=CB : CS?, 
te. PN: CM=CB:CS. 


Again, PM" =CP?+ CM" -2CM’. PN (i) 
P'M?2=CP2+ CM2—-20M. PIN’ foe 
But PN:CH=P'N':CM’; -. Cl. PHACH. PRN’. 


Also CP? — CM?= AM? - CM?=CA?=CP?—- CM". 
Hence, from (i), subtracting, we see that PM’— P’M?=0. 


613. [D. 2. b.] Sum the series 


(i) a" -—n(x typ Dees Qy)"—.... 
ee, 7 11 a a 
(ii) Latg.a:3*t35°3 +7-3°3 + cee 


each to (n+1) terms. 
(i) The given series is n! times the coeff. of ¢” in the expansion 


et —n, elztut 2—) elz+2yie_ 





242 n 
=e*(1—e”)"=(1+2t+ - | -yt- - a ’ 


in which the coeff. of ¢” is (—y)”. 
Hence the value of the given series is (—1)".!.y". 


os ce 4n—1 n—1 =[ 9 en x | n—1 
(ii) The nth term is mm the =L3(n42) an 3 


1 grt =~) 
~ 3 (FF ae 


Hence the sum of (n+1) terms is 
+(=,-3- )=} el 
2\n+3 2 2° nt3 4 


614. [K. 20. 4.] Shew that if cos(a+6)=cos a cos p—cos 3 sin asin p, where 
6 and > are small, then 0 is very approximately equal to 


pcos B+4¢7 cot a sin? B. 
Retaining small quantities of the second order, the given relation is 
(1-4) cosa —@.sina=(1—4$¢7)cosa—.cos Bsina............4 (i) 


Now suppose 0= Ag+ B¢?. Then (i) becomes 
cosa—A sina. p—(4 A?cosa+Bsin a)¢? 
=cosa—cos Bsina.p—$cosa. f?. 
This must be an identity. Hence 
Asin a=cos B sin a ; .. A=cos B. 
4 A®cosa+Bsin a=$cosa ; . B=}cotasin®~. 
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615. [K.11.4.] Pairs of circles are drawn having external contact with 

each other and also with the circles 
(v-aft+y=r, («4—-malr+y=mr. 
Shew that the points in which the pairs of circles touch each other lie on 
the circle ae ae 
v+y?=m(a*—-r°), 

Let the centre of one of the touching circles be (a, 8) and its radius p. 
Then (a-—a??+ B?=(r+p)®...... (i), (a-—ma?+ B?=(mr+p), 
whence subtracting, 2(aa+rp)=(m+1)(a?—r?) ; 

. from (i) a? + 8? — p?=m(a?—r*)) (ii) 
and similarly for the second circle, a?+ 8?—p?=m(a?-r2)J° 

Hence the radical axis of the two circles passes through the origin. But 
since they touch, this means that the common tangent at the point of 


contact passes through the origin. But from (ii), the square of the tangent 
from the origin to either circle is m(a?—7*)? Hence if (x, y) be the point 


of contact, a2+y2=m(a?—r?), 


616. [L1.10.a.] Three tangents to a parabola form a triangle PQR, 
and the circle PQR cuts the parabola in the four points A, B,C, D. Prove 
that, if S be the focus, then 

SA.SB.SC.SD 
SP.SQ.SR 





is constant. 
The equation of the circle through the intersection of tangents at 
a, B, y on 7 =1+c08 0 is 

r= l . COS ( 6... stAty) 


2cos * cos B cos / 
2 2 2 





Hence at the intersection of the circle and parabola we have 


* 2 OJ —]2 
(er! cos ) es : sin?A, 
r r 





where k=2cos - cos B cos tii, or. 7? 
This equation is a quartic in 7, the product of the roots being i 
l l 
Also SP=——.——_ , ete. .«. SP.S8SQ.SR=—,. 
2 cos e cos g 2ke 


Hence the value of the given expression is 2/. 
617. [R.7.b.] Prove that the maximum range on a horizontal plane of 
missiles projected from a hill of height h with velocity V is 
m3) 
9 ill 
If h be 300 ft. and V be 1,000 ft. per sec., find over what distance a similar 
battery on the plane would be under fire, and unable to return it. 
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If a is the angle of elevation, x the range on the horizontal plane, we have 


—-h=artana—3q9. will +tan?a). 


If this quadratic in tan a has real roots, 
. Fad x 
>4¢ 49. (49. ss~4), 
whence 2? << a V2+2gh), 


72 $ 
ie. 0< : (14-58%) a 
9g 








v2 


For the battery on the plane, to find the greatest distance from the foot 
of the hill at which the other can be hit we have evidently only to change 
the sign of / in this result. Hence the distance over which the battery 
is unable to return fire is 


PL (+%t)'-(1 ~ 2h)" ee (i) 


With the given values 2gh _ 0192, i.e. a small fraction. Hence, by the 
Binomial Theorem, the distance (i) is approximately equal to 
” wie 
ie 


2.e. the distance required is about 600 feet. 











618. [K.12.a.] Find the locus of a point at which two given portions of 
the same straight line subtend equal angles. 


If P be the point, the bisectors of the angle APD will be also those of the 
angle BPC. If these are PH, PF, then #, F are harmonic conjugates for 
both A, D and B, C. To find these points draw the circles XAD, XBC, 
where X is any point not in AB. Let these intersect again in Y, and let 
XY cut AB in R (which will be outside the circles). Draw a tangent RZ to 
either circle, and with centre 2 and radius RZ draw a circle cutting AB in 
E, F. These are the points required, since evidently 


RE?=RF?=RA.RD=RB. RC, 
and the locus of P is the circle on HF as diameter. 


619. [D. b. y.; D.2.4.] Shew that 


2 cos 2"6+1 
a = S000 S16 = 1) = ee 
(2 cos 8 —1) (2 cos 26 —1)...(2 cos 2""9 —1)= c08@41” 
and evaluate the continued fraction 
ee ee eee ee 
cot 26 — cot 276 — ... — cot 2" 9 — tan 2"0 


(i) (2cos 86+1)(2 cos O—1)=4 cos? — 1=2 cos 26+1, 
(2 cos 20 +1)(2 cos 26 — 1) =2 cos 279 +1, 


(2 cos 2"-79 + 1)(2 cos 2"-19 — 1) =2 cos 2"9 +1. 
Multiplying these we obtain the given result 
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(ii) We have, from the identity, 
2 
cot a — i. tan a, 
cot 2"-19 — fe. tan 2”-16, 
tan 2"0 ? 
cot 2"-°6 — aae9™ tan 2”-°6, 
ae 8 
cot 6- tan20~ tan 6. 


From these it follows that the value of the given c.F. is tan 0. 


620. [L!. 10. a.] The tangents at the points Q and R of the parabola y*=4ax 
intersect at P. The perpendicular from P on QR meets the axis at G, and S is 
the focus. Prove that the radius of the circle PQR is 


SP. PG~2a. 
If P is the point (z’, y’), the equation to the circle PQR must be of the form 
y? —4axr+A(2ax— yy’ + 2ax’)(2axr+yy'+k)=0, 
with the condition 2».4a?=1-—Ay’*, ie. A=1/(40?+y’”). 
Also, since the circle passes through (2’, 7’), 
*. —1+A(Qa2’+y'2+hk)=0, 





whence k= 4a? —-2az’. 

Substituting and reducing, we find the equation of the circle to be 

a(a?+y)—(y? +2a*)a+y'(x' —a)yt+ax'(2a—-2')=0, 
whence, if 2 be its radius, 
4a? R? =(y'? + 2a*)? + y'?(2’ — a)? — 4a?’ (2a— 2’) 
={y2+(w —a)?}(y2+4a°). 

Now the equation to PG@ is «xy'+2ay=.'y'+2ay’, and this cuts the axis 
where w=2'+2a, ©. PG?=4a?+y’2. 

Hence 2a.R=SP . PG. 


621. [L'.5.a.] Shew that the line joining the pole of a normal chord of 
2 
the conic 2+4- 1 with its pole with regard to 


2 2 


at p= 
a? + nb? * 6?+n2a? — 
touches the ellipse atx? + by? =(a? + b2)?, 


If (7, ¥,) is the pole of the chord normal at a, then the lines 


LU . : 
7144711, and ax sin a — by cos a=(a? — b*) sina cosa 
a’ RB 
must coincide ; 
Ly 1 1 


- y sa: 
wasina —f*bcosa (a?—6*)sinacosa 












SOLUTIONS. 


Hence the chord joining the poles is 


Eo ; y ; l 
(a?+nb*)asina, —(b*+na*)bcosa, (a?—6)sin acosa | =0. 
asin a ;: —bcosa , (a@-b?)sinacosa 








Subtracting the third row from the second, this is 
ee Soe 1 
bsina, —acosa, 0 
a’sina, —b®cosa, (a?—b*)sinacosa| 


=(, 





or ax cos a+ by sin a=a?+b?, 


which is a tangent to a2x? + b*y?=(a? +b’). 


622. [R. 7. b.] Prove that the least velocity with which a particle must be 
projected from a point on the ground a feet in front of a wall h feet high in 
order to pass over the wall is 


{g(h+vih?+a*) yb, 
If the velocity of projection is u, the maximum range on an inclined plane 
2 
of angle B is 


u 
g(1+sin B) 

Hence p being the angle which the line joining the point of projection to 
the top of the wall makes with the horizontal, we must have 





ae aN rw) 
gata pyr" +a’. 
‘ h h 
B t ly —————_—_ a 2 as) 2 2 
u sin B Jitca’ w (1+ pen Vh? +a?, 
te. wt g (Wh? +a2+h). 


623. [R. 9. b.] A wedge of mass M and angle a rests on a smooth horizontal 
plane. <A perfectly elastic particle of mass m impinges on it with velocity u. 
Shew that the particle rebounds with velocity 

M—m sina 
M+m sin?a”” 
assuming that no kinetic energy is lost by the impact. 


Let u, be the velocity of rebound, v that of the wedge. Then by 
Newton’s Law, 


8p — OBERT — onc cccencesscccsguccdvasendeqsmeee (i) 





Also since no K.E. is lost ; 


J FMP nh Hels... «0.5. cccccccsesscescesevseses (ii) 
From (i) and (ii), 


(M +m sin’a)u,? — 2Muu, +(M—msin?a)u? =0, 
i.e. (u, — u)[(M+m sina) u, —(M—m sin?a)u]=0. 
Now w,=|=w, since the plane is not fixed ; 


M—m sin*a " 
M+msin’a° ~~ 


. = 

















176 THE MATHEMATICAL GAZETTE. 


624, [D.2.4.] Prove that the product of the first n convergents of the 
; a ee a oe , 
continued fraction 3434+3+... 
5.4” 
antl (— ly 
If u, be either the numerator or denominator of the nth convergent, 
we have 


Un =3Un_1 + 4Upn_2- 
Assuming wv, = AX", this gives A27—3A-4=0, tie. A=4 or —-1; 
. Unp=A.4"°+B.(—1)". 
Putting in initial values, we easily get 
pa=$[4"—(-1"") go= HA H(- 9); 
pa _4[4*+(—1)"} 


* In 4™+14(—1)" . 





4"(441) 


Hence the product of the first » convergents is __\—* 7 _. 
4nti +( ‘tl ir 


625. [K.20.c.] Ifa, B, y, 5 are solutions of the equation 
cos 22 +a cosx+bsinx+c=0, 


no two of which differ by a multiple of w, prove that a+ B+y+8 is a multiple 
of 27. 


Putting tan 5 =, the equation becomes 
1-627 +¢4 1-# 2t 
“Geer ise" 
7.@. (1-—a+c)t*+20 + 2(c —3)242bt+(1+a+c)=0. 
rid 
The roots of this are ¢,;=tan a ete, and Lt, = Dé,tofs ; 
”. tan atBry+0_o, 2.e. Ot Bt te ne. 


626. [L'. 10.a.] Jf the product of the tangents drawn from a point P to the 
parabola y*=4ax is equal to the product of the focal distance of P and the 
latus rectum, prove that the locus of P is the parabola 


y?=4a(a+a). [Trip. 1897. 
The intersection of tangents at m, m’ is amm’, a(m+m’). 
Hence t?=(amm' —am*)?? +[a(m +m’) —2amP 
=a?(m—m’)?(m? +1). 
Also SP?=(amm’ — a)? +[a(m+m’)P=a?(m? + 1)(m'2 +1). 


Hence, if ¢,t.=4a.SP, we must have (m—m’)?=4., 
*, putting m+m’'=p, the co-ordinates of P are 
sma. 4 y=ap, 


and the locus is y?=4a(x+4a). 








SOLUTIONS. 





(a FO we b. b*— a* 3 sin a), 
“a+b? ‘ b+ 


If the chords (a, 8) and (a, y) are at right angles, 


u cos a+B cos ne a 1 sin a+B sin et7Y_o 
a2 2 2 "SB 2 2 ? 








a2 —b? Bry). B-y 
or p08 (a+ 2 ah 


i.e, jal cos (at P*Y) 4 cos B= 2] 4% cos P=1 — cos (a+) |=0, 0, 


és 
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627. [L'.16.a.] A chord of an ellipse subtends a right angle at the point 
on the ellipse of eccentric angle a. Shew that it passes through the fixed point 


But this is precisely the condition that the point whose coordinates are 


given should lie on the chord (8, y). Hence the result. 


628. [L', 17. e.] Conics are drawn having the origin for a common focus, 


and touching the conic pal tecos@ at the point @=a. Prove that the least 


eccentricity of any such conic is 
e sin a(1 + 2e cos a+e)-?, 
and that the latus-rectum of this conic is 
21(1+¢ cos a)(1+2ecosa+e?)". 


La 


= 
Let one of the conics be “=1+¢' cos (6—y). The tangents at a to the 
me 


two conics are 








l 

—=e cos 0+cos(6—a), 

r 

z 

~=¢' cos (8 — y)+c0s (9 — a). 

If these coincide, 
e’cosy+cosa_e’sin y+ sina T' ws 
é+cosa = sin 7 wast seer ceeccceseeeres 
whence bus exina 


~ cos y sin a—sin y(e+cos a) 


and the greatest value of the denominator is 





Vsin®a + (e+ cos a)? = 1+ 2e cosa +e”. 


Further, from (i), putting v=, we have 


e?=[A(e+cos a)— cos a]?+[A sin a—sinaf, 
= )?(1+2e cos a+e*)—2A(1+ecosa)+1, 


whence substituting for e’, the result follows. 
H2 








visinbiadl (i) 
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629. [R.9.b.] Two equal spheres, centres A and B, lie in contact on a 
smooth table, and A is struck directly by a third sphere, centre C, moving with 
velocity V in a direction making an acute angle @ with AB. Shew that after 
impact A moves in a direction making an angle 

cot~!(cot 9+2 tan 0) 
with CA produced. 


Let V, be the velocity of C after impact, V, and V those of A along and 


perpendicular to AB. Then B will move in the direction AB with velocity 
V,. Hence the equations of momentum are 
(V—V,)cos9=2V,, (V—V,)sin 0= V3. 


Hence, if the direction of motion of A makes an angle ¢ with AB, 


rs 
tan p= ,'=2 tan 0; 


— i. I 
. tan(d *)= 15S tantd~ cot 04-2 tan ge 


Hence the angle required is cot~!(cot +2 tan 6). 


630. [R. 7. b. y.] Two particles are projected simultaneously from a point A 
so as to pass through another point B, the velocity of projection in each case 
being V. Ifa, a’ are the angles of projection, prove that the particles will pass 
through B at times separated by the interval 

2V_ sint(a—a) 
g  cost(a+a’) 
Let ¢, ¢’ be the times taken to reach B. Then we have 
Veosa.t=Vcosa’.t, 
Vsina.t—$g9t?= Vsina’.t —4gt?, 
t t 


whence —_,=——_- =k, say; 
cosa cosa . 


, 


V sin (a — a’) =4gk(cos?a’ — cos*a) ; 
39 


pa?’ sin (a—a’) ae 1 


g  cos’a’—cos*u g  sin(a+a’)” 





t— t’'=k(cos a’ — cos a) 
2V cosa’—cosa_2V sin$(a—a’) 
~ g ~=cost(ata’) 


~ g  sin(a+a’) 








: 2 
3 : ptqtrt... 
for three successive quotients. A, B, C and A’, B, C’ are the coefficients of a, b, 
c in the numerator and denominator of any subsequent convergent. Prove that 
AC’-A'C | AC’- A’C 
AB —A'B’ BC'-BC 
is constant, and determine its value. 


631. [D. 2.4] A continued fraction of the form : has a, b, ¢ 


Let r o be the two convergents immediately preceding the quotient a. 
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Then any subsequent convergent is given by 
1 1 , 
Pp (ati+— )ptp 
@ (a + st +.) qt+q 
J C+ 24 


where c+. is the complete quotient up to this convergent. 


Hence P=(abe+atc+ab+1x)p+(be+be+1)p’, 





’ 


and similarly for Q. 
Thus A =(be+br+1)p’, 
B=(ca+ar)p+(ct+x)p'=(c+x)(ap+p), 
C=(ab+1)p+ bp’. 
Hence, taking pq’ —p’g=1, we have 
AC'-A'C=be+br+1, 
BC’ — BC=ab(e+ x) —(ab+1)(e+2)= —(e+2), 
AB — A'B=(be+bx4+1)(c+2). 
Hence the value of the given expression is 


1 be+bat 1 _ 


ape ~b, 
e+2 Cc+2r 


632. [K. 8.b.] Ifa, b, c,d be the lengths of the sides of a quadrilateral of 
area A inscribed in a circle of radius R, prove that 


16 22A?=(be+ ad)(ca+ bd)(ab+ cd). 
Denote the diagonals AC, BD by 2, y. Let AABC=A,, AADC=A,. 
Then 4RA,=abz, 4RA,=cdz; 

. 4RA=(ab+ed)x, 


(be+ad)(ac + bd) 


i.e. 16R?2A?=(ab+cd). ee 


633. [K.2.e.] O is the centre of a circle of radius a. P, Q, R are any 
three points, A’ the area of the triangle formed by their polars with regard to 
the circle, A the area of the triangle PQR and A,, Ay, A, the areas of the 
triangles QOR, ROP, POQ. Prove that 


4A'A, A, A, =at*. 
Let the equation to the circle be «?+y?=a*. Then the polar of (7, y,) is 


way typ =a. 


. ae 





| %y Yo 
|g, ¥3 


X%3, ¥3 


P 
ee 
yn 
| | 
1, Y' 


1Xey Ye 
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9 
|%15 Y%, 1|* 


Now the numerator is a'. | h craianenatage at | =a*t. (2A); 
| 
DP seeaenncanst 
. = a. (20° ; 
(24,)(24,)(24;) 


ie. 40’A,A,A,=a9A?. 


634. [K. 8. 2) Prove that the middle points of the diagonals of the quadri- 
lateral formed by the four straight lines 


- ein Se 
a=0, B=0, y=0, 7a. 
lie on the straight line 
al(bB+ey - aa)+bm(ey +aa —bB)+en(aat+bB- cy)=0. 


Let the line $+ F470 meet the sides of the triangle of reference in 
a 
D, E, F. Then the co-ordinates of D are 


2A 
a=0, a - ° 
™m —n bm—cn 





Hence the middle point of AD is 
A Am — An 


a’ bm—cn’ bm—-en 





Similarly, the middle point of BZ is 


a 
cn—al’ b’ cn—al’ 


and the line joining these is 


a, B, Y 
|bm—en, am, —an|=0, 
| 
—bl, en-al, bn 


reducing to the given form. The symmetry of the result shews that the 
middle point of CF also lies on the line. 


635. [R. 4. d.a.] AB and BC are two uniform rods of the same material, 
freely jointed at B. The ends A and C are fixed in the same vertical. Prove 
(graphically or otherwise) that the stress at the joint is 


, BD 
4W. AC’ 
where BD is the bisector of the angle ABC, and W the weight of the rods. 


If we replace the weight of the rod AB by two forces at A and B, each 
equal to half the weight, the rod AB is in equilibrium under two forces 
at A and two at B, and the resultants of these pairs of forces must be 
equal and opposite and both in the line AB. Hence we construct the 
force diagram as follows: Draw ab, bc vertically downwards to represent 
the weights of AB, BC respectively. Bisect ab, be in the points 1 and 2. 
Draw 10 and 20 parallel to 4B, CB. Then 0b represents the reaction at B. 
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But 1b _ AB_ 10 . 
62 BC 20 
‘. Ob bisects the angle 102. 


R_Ob_1 Ob 1 BD 

_ Wo ae~2" 1272" AC 

636. [R. 7. b. y.] A man h feet high fires from the level of his head a pistol, 

the ball from which issues with a velocity of V feet per second, just clears a wall 

a feet high, and strikes the ground as far beyond the wall as the man is from 
it. Shew that the pistol was held at an elevation 


: _f4a—3h | 2} 
wl a te 


The equation to the path referred to horizontal and vertical axes through 
the point of projection is 
x2 


=r tana-— 
am 49. V2 cos? a 


Let the distance of the wall from the man be b. Then the path passes 
through the points (a—A, b) and (—A, 2b) ; 


h=b 4 
. a- tana—3g. Pecos a 
—h=2btana-—4q. 40" 
V2 cos? a 
whence 4a—3h=2btana, 2a-—h=g ‘ 


* V2 cos? a” 
These give the required value of sin a. 


637. [J.1.¢.] Shew that the sum of all the homogeneous products of a, b, ¢ 
of all dimensions from 0 to n is 








oe a"*8 - 1 
“~(a—6b)(a—e)(a-1) (a—1)(6—1)(e-1) 
1 
H, = 
=coefficient of x” ” ee ee 
a 1 ‘ 
= socccccccccccccscccceocs oe ae fs 1 ae 000606006 K0Bb0000eeceseoceseewoeees (i) 
art? 
“area Oa=e) 
: n i, a4 a*t} — 1) 
Now ya +2— —- 
Hence the sum required is 
~ a2(a"*1 — 1) 1 
“a-1  °(a—6)(a-c) 


oe GR x: ee se EEE 
~ “(a—b)(a—c)(a—1) ~(a—b)(a—c) a-1 
The latter sum, as is seen by putting «=1 in (i), is 
1 
(a—1)(b—1)(e-1) 
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638. [K.2.¢.] From G, the centre of gravity of a triangle ABC, perpen- 
diculars GP, GQ, GR are let fall on the sides. Shew that 
(i) the area of the triangle PQR is (a? +b? + c*) sin A sin B sin C; 
(ii) the radius of the circle PQR is 4AD. BE. CF/(a?+6?+¢*), where AD, 
BE, CF are the medians ; 
(iii) the sum of the areas of the circles PGQ, QGR, RGP is 


T 9 9 9 
7g eth +e) 
(i) We have GP=}bsin C, etc. ; 
A PQR=SA GQR=}.5GQ.GRsin A 
=,,.Zasin C.asin B.sin A= . 2a? sin A sin Bsin C. 





ee 
(ii) Also za =GC=%CF. Hence (from formula R= a ), 
- SAD.BE.CF.sinAsinBsinC ' AD.BE.CF 
== = 4 ‘ - a . 
radiusof =O POR 3. 2a?.sin A sin Bsin CV ; 2a? 


(iii) Sum of areas of circles (since their diameters are 4G, etc.) 
=}r.2AG?=4r . TAD*= 7. Ya’. 


639, [L'.4a.] Shew that the inclinations 0 to the axis of x of the tangents 
drawn from the point (p,q) to the conic ax*+by?=1 are determined by the 


equation (ap? + bg? —1)(a+b tan? 0)=(ap + bq tan 0), 


and also that the square of the length of the tangents whose inclination 6 is 


thus determined is . 
1+tan?@ 


ba 24 hg? —1))! 
a+biont@? -2 








The line —_& —=4 2 — + meets the conic, where 
cos@ sind 


r(a cos?6 + b sin?@) + 2r(ap cos 6+ bq sin 0) + ap? + bg? —1=0. 
If the lire is a tangent, this quadratic in r has equal roots ; 
“. (ap cos 6+b¢ sin 6)?=(a cos*6 + b sin*6) (ap? + bg? — 1). 

Also in this case, each of the values of r is the length of the tangent, and 

the square of the tangent is the product of the roots, 
te. (ap?+bg?—1)/(a cos?6+ 6 sin?6). 

640. [R.9.a.] A rod of length 20 inclined at an angle @ to the hori- 
zontal rests tangentially against a fixed rough cylinder with its axis horizontal, 
being held in position by a horizontal string attached to its highest point and 


perpendicular to the axis of the cylinder. Find the friction at the point of 
contact, and prove that the part of the rod above the point of contact must le 


between the limits a.cos O(cos 0+ psin 6) 
where p. is the coefficient of friction. 


Let A be the highest point of the rod, B the point of contact, G the middle 
point and O the centre of the sphere. Let the horizontal through A and 
the vertical through G meet in V. Then BN must be the direction of the 
friction at B; suppose it makes an acute angle ¢ with the radius. Then if 


AB=z, 
x _cos(@—d) AN _ Se . . 
) ee mom @; “. [= C08 @(cos 0+sin O tan ¢). ...... (i) 
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Also, if F is the friction, F= where ¢ is given by (i). 


W 
cos (6 — d)’ 
In limiting equilibrium ¢= + A, the angle of friction ; 
”. from (i), ~=cos O(cos 6+ wsin 6). 
641. [R.7.b. y.] A regular hexagon stands with one side on the ground, 
and a particle is projected so as just to graze the four wpper corners. Shew 
that the velocity of the particle on reaching the ground is to its least velocity 


as N31 : J3. 


The equation to the path may be written in the form 





(« _ v’ sin a cos *)'= _ 2u* cos* a ( _u* sin? ) 
g g 29 
From symmetry, the co-ordinates of the two lower corners are 
isi 
(“ sinacosa , | > 
g 2 


and of the two upper corners, 


wsinacosa a —_ 
(sfsinacose.s © gy) 





g 
2 eos? i tat te 
Hence win — Coe “( /s.¢-—— *); 
g 2 2g 
a? — Beco ( -o ee) 
oa 2g : 


From these, « sin? a= - ga, u?cos*a= = ga; 


: in i ga; 
: 5-9: 


4s/ 


. u?: u? cos*a=31 : 3. 


642. [L'.5.a.] In an ellipse PSP’ is a focal chord and the normal at P 
meets the minor axis ing. If V is the middle point of PP’, prove that Vg 
is parallel to the tangent at P’. 

Draw the ordinates PV, P’N’. The lines PA, A’P’ will meet the directrix 
in the same point. Let this be X. Then, with the usual notation, 

PN: AN=KX:AX and PN’: A'N'=KX:A'X; 
. PN: PN'=(1+e)AN: (1-e) AN’. 
Also PN?=(1-¢)AN.NA'; -. PN. PN'=(1-e)?. A'N. A'N’ 
=(1+e)?. AN. AN’ similarly ; 
. 4e. PN. PN'=(1-)*. 2a(CN+ CN), 
i.e. PN. PN :8X*=CN+CN :20X=2a— PP . Qa. .......+. (i) 

Now draw gE 1" to SP, and let the tangents at P, P’ meet in Z. 

Then PE=a, and gE: a=SP:SZ=PN: SX. 

Also VE=a-3PP;_ .. by (i), gE: VE=SX : PN =SZ: SP. 

Hence the triangles VZg, ZSP’ are similar, and Vq is || to ZP’. 
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643, [K.2.e.] Jf p, 9, r be the lengths of the bisectors of the angles of a 
triangle produced to meet the circumeircle, and u, v, w the lengths of the 
perpendiculars of the triangle produced to meet the same circle, prove that 


p(v— w)+97(w -u)+r(u—v)=0. 


If O is the orthocentre, and AO meets BC in ZL, and the circle in Z, then 
OL=LE; 
. u=AL+O0L=2Rsin Bsin C+2R cos Beos C 
=2Rcos(B-C). 
Again let the bisector of the angle A meet the circle in D, and let DD’ be 
a diameter. Then LAD D=ABD=B+4 ; 





B-C 


f p=2Rsin (B+4)=28 cos ? 


 Lp*(v—w)=8R . > cos? SE esi C—A-cos A-B) 


=4R, 5(1+cos B— C)(cos C— A —cos A — B) 
=0. 
644, [K.20.c.] Jf the equation cot(@—a,)+cot(@—a,)+cot(@—a,)=0 has 
! A 2 3 


solutions 0,, 02, 0, not differing by multiples of two right angles prove that 
0, + 02+ 03 — a, —a—a, 7s an odd multiple of a right angle. 


Let tan 0=?, tan 0,=¢,, etc. Then the equation is 


slt%_o 
— pe ty b] 
te. X(1 + tt,)(¢ — tg)(¢— ts) =0, 
or #3, + 17(3 — 282) + t(33, —28,)+8,=0, 
where s, = Dt,, etc. 
28,—-3 , & 
re? 
ef tan (0, + 6.+ 05) = — nd 
ee 383 — 28, 
5} 
8 — 





1 
a —cot(a,+a_+a) ; 
81 — 83 


3 


“. 0,4+0,+ 63 — a, —a,—a, is an odd multiple of 5" 


645. [L'. 10. a.] Tangents are drawn from a given point (h, k) to a system 
of confocal and co-axial parabolas. Shew that the normals at the points of 
contact intersect on the line 

ha+tky+h?+k=0. 

The tangents at m, m’ to y?=4ax intersect at amm’, a(m+m’) and the 
normals at a(m?+mm'+m)+2a, —amm'(m+m’). 

Transferring to the focus as origin, the intersection of tangents becomes 


amm'—a=h, a(m+m’)=khk, 
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and the intersection of normals is 


, 2 h+a’ 2 
v=a(m?+ mn’ +m”) +a=a(5- = ) +a 
ee ee 
y= —amm'(m+m')= —a Ata ae kh+a) 
a a a 
Eliminating a, we obtain the locus. 


646. [K.4.c.] A triangle of rods smoothly jointed at A, B, C is hung 
up by the corner A. Prove that the action at the joint C is inclined to the 
horizontal at an angle ; 

san Wt We) cot b— We cot 8 
2W,+ Wp+W, 
where W,, W., W, are the weights of BC, CA, AB and 86, > are the inclinations 
of AB, AC to the vertical. 

Take ac, cb, ba’ on the same vertical to represent the weights of the three 
rods. Bisect these lines in 2, 1, 3 respectively. 

Draw 20, 10 || to AC, BC. Then cO must be the direction of the reaction 
at C, and 30 must be || to AB. 

Let cO make an angle ¥ with the vertical, and let p be the perpendicular 
from 0 on aba’. Then 

2c=p(cotp—coty), c3=p(cot ~+cot 8) ; 
cotd—coty 2c 4 $W, 
" coty+cot@ cB W,+43W,’ 
leading to the given value for cot ¥. 





647, [R.9.a.] Two rods AB, AC, each of weight W’ and length 2a, are 
rigidly connected so that they are at right angles and can turn freely in a 
vertical plane about a pivot at A. Two sinall rough rings, each of weight W, 
are placed one on each rod and are connected by a light string of length 2l, 
passing over a smooth pulley at A. If p be the coefficient of friction, prove that 
the distances of the rings from A must lie between 


Ww’ 
+ u(t+ a 
Wi 
Wl+ Wa 
Suppose that in a limiting position the ring on AB is about to slip down, 


and is distant « from A. Let & be the pressure on the rod, 7’ the tension. 
Then, for the ring, 


provided p< 


R=Wsind, T+pR=Weosd; -. T= W(cosé—psin 6). 
So, from the other ring, 
T= W(sinO+pecos6);  .. tand= ; re 


Now the c. of G. of the whole system is vertically below A. 
Hence W’.asin 0+ W.xsin 0= W’.acos 6+ W(2l-.x) cos 6; 


l-p_ W'.at+ W.(2l-2) , 
itp WiatWa’ 


f Ww’ ) 

, raltp(t4+ a . 

Changing the sign of p, we get the other extreme value, and this is 
supposed positive, implying the given limitation on the value of y:. 
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648, [R. 7. b. y.] A rocket fired vertically upwards bursts at its highest point 
h feet above the ground. If each fragment starts with the same velocity U, 
prove that all the fragments on reaching the ground lie within a circle of radius 


OU oraerest 
g JU 2+ 29h. 


If the shell bursts at S, the enveloping parabola has focus S, and latus- 
rectum 4h’, where U?=2gh’. 
If it meets the ground in Q, and AS meets the ground in J, then 


QN?2=44S.AN 


=4h'(h+h’) 
| “ U2 
="—(h+=— )==(2gh+ U?), 
g ag) = g? 9 ) 


and all the fragments must lie within a circle, centre V and radius QJ. 


649. [R.2.a.] A straight line PQ is drawn parallel to AB to meet the 
circumeurcle of the triangle ABC in P and Q. Shew that the pedal lines of 
P and @ intersect on the perpendicular from C on AB. 


Let O be the orthocentre, and let CO meet the circumcircle in Z, and EP, 
EQ meet AB in A, LZ and the pedal lines of P, Q respectively in U, V. 
Then OK, OZ are parallel to the pedal lines and U, V are the middle points 
of PK, QL. .. UV is parallel to AL. Hence, evidently, from similar 
triangles, the pedal lines must intersect on HO produced. 


650. [L'. 3. b.] The tangent at a fixed point P of an ellipse whose foci are 
S and S' meets a pair of conjugate diameters in T and T’. Shew that the 
locus of the other intersection of the circles SPT, S'PT’ is a circle. 


Produce SP to H, making PH=PS’. The remaining tangents 7, 7’Q 
to the ellipse must be parallel, since PQ, PQ’ are parallel to the conjugate 
diameters, and .. QQ must be a diameter. : 

It is evident from the figure that the triangles H7'7” and S7'7" are equal 
in all respects. .«. 2 HTT’ =S'TT'=STQ. 

. LHTS=T'TQ. Similarly H7’S=TT'd. 

Hence S, 7, H, 7” are cyclic. 

Now let the circles intersect again in P’. 

Then LSP’ P=180°— STP=180° —SHT"=180° — PS'7". 

Similarly, S’P’-P=180°—PST=180°—PT7'S’ ; 

. SPS’ =PS'T' + PT'S' =180° -S'PT’, 
and is .. constant. Hence the locus of P’ is a circle through S and 8’. 


651. [A.1.b.] Prove that if a, b, c, x, y, z are rational, and 
a+b+c=0, r+y+z=0, 
the area of the triangle whose sides are 
Va?+22, VP +y?, Ve+2 





is rational and equal to 
${ —(bex? + cay? + abz*) 14, 

If Ais the area, 16A?=22(b?+y?)(c?+2*)-—2(a?+27), 
Now, by data, 22>b%c?—Zat=0 and 2>y*%2?- x*=0. 
Hence 16A? = 2> (672? + cy”) — 22a*a? 

= 2D(b? +c? — a?)x?. 
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Now a+b+c=0; .. (b+cP=a, te. b?+c?-a?= —2be ; 
, 402= — Yher*, 
Also —Lbex? = — bex? — cay? —ab(a+y)* 
=-— b(e +a)a* —a(b+c)y? —2absy 
= b®x? + a2y? — Zabxy =(bx — ay)’, 
and .. A is rational. 


652. [L'. 10. a.] The polars of any three points with respect to the parabola 
y=4ax form a triangle of area Q,: the tangents parallel to them form a 
triangle of area A,, and A is the area of the triangle ABC. Shew that 


4A,A,=A?. 
The polar of (#,,%;) is Qax — yy, + 2ax,=0, 
and the parallel tangent is 2ar%—yy,+ aed =0. 


evokaesboneecueneine : 16atA? 
2a, —% 8a*. IT(y, — y2) 


‘ law y¥? 





| Qa,—y,| 8a. TY) 
2a, # | 


and A,= 


Now the determinant in the numerator is II(y, —¥2) ; 
1 
. A= 3 L(y — ys); 
 A,A,=fA,. 


653. [R.4¢.] Three equal uniform rods of length 1 and weight w are 
smoothly jointed together to form a triangle ABC. This triangle 1s hung up 


by the joint A, and by two strings each of length — fn a weight W is attached to 
Band C. If the system hangs under gravity, haw ‘ia the thrust along BC is 


equal to , 
waters (1 +9/3)}- 


Each of the strings makes an angle 45° with the horizontal. Hence, if XY 
be the thrust in BC, we have, taking moments about A for AB, 


X ./sin 60°= 7’. sin 75° +w . £08 60" + Y ./cos 60°, 


where FY is the vertical component of the reaction at B. 
Also for W, 27'cos 45°= W, and for BC, 2y=w; 





je WwW, Je+1 lL wl 
XI... 48 eee AP 
2 aje *°-a°3'? 
whence Xy=W. V3+1 i 


2/3 J/3 
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654. [R. 7.a.] A wedge of mass m, and angle a lies on a horizontal table, 
and a second wedge of the same angle and mass mg ts placed upon it so that the 
upper face is horizontal. Upon this face is placed a particle of mass ms. 
Shew that, in the ensuing motion, the total weight will exceed the pressure on the 
table by a 

7 (m+ mMm,)(m,+M3)9 sina 
(m, + my) (me + m3) 8in2a. + MyM Cosa" 


Let f be the acceleration of m, horizontally. 
Let f,, f2 be the accelerations of m, parallel and L' to the face of m,, and 
f; be the acceleration of m, vertically downwards, 


FR the pressure between m, and mig, 
, 


Ot cinadaucseseeneruncsases My and mz. 
Then the equations are 
FeO — Oe x 0 .scscnsna canscncave’ (i) My f,=(moq+ R’)sin a. ...(i1) 
Mo fo=(mMog+ KR’) cosa— Rh. ...... (iii) es {| Saenee (iv) 
Pg OPM: spice sciccceinceaseacse (v) fg=f,sin a+ f,cos a. ...... (vi) 


From (i) and (vi), m3(f,;sina+/,cosa)=mg.qg — R’, 


whence from (ii) and (iii), substituting for f, and f,, we find 





R ( bate .) SN gs (vii) 
Ms, Ms My 
Also from (iii), (iv) and (v), 
(9+ =) a, Sn e e (viii) 
My Mz m 


From (vii) and (viii), we find 
ta NLyMo(My+ Mz) 
~ (my, +ms)(mMy+ mz) sin?a + mm, Cos*a 





. g COS @. 


Now the pressure on the table is 2 cosa+my,g, and therefore the quantity 
required is (m,+ms)g—Rcosa, which, substituting for R, reduces to the 
given expression. 


655. [R.7.b. y.] An elastic particle is projected with velocity V from a 
point on the ground and strikes a smooth vertical wall with its foot at a 
distance a from the point of projection. Prove that after rebounding from the 
wall, the particle can strike the ground at a point further from the wall than 
the point of projection if 

V2> +e a 
2 94 


Let a be the elevation, ¢ and ¢ the times of going and returning. Then 
Vcosa.t=a. 

After impact the horizontal velocity is eV cosa, while the vertical velocity 
is unchanged. Hence since the vertical distance described in time ¢+?' is 
zero, we have Vsin a(t+¢)—$9(t+¢)?=0, 

: , 2Vsina : ‘ : F 
whence ¢+¢’=———_—. Hence if the particle strikes the ground again at 
distance x from the wall, 

2V si 
x=eVcosa.t’=eV cosa (2 ee ee ) 
g Veosa 


V2 sin 2a 
=¢. — ae. 


g 
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V2sin 2 l+e 
a : : 


Hence, if «>a, we have 





'%& 
and since sin 2a }1, this is possible if the given condition is satisfied. 


656. [K. i0. e.] The angles APB, AQB subtended at two variable points 
P, Q by two fixed points A, B differ by a constant angle, and the ratios AP : BP 
and AQ: BQ are proportionals. Shew that if P describe a circle, Q will describe 
either a circle or a straight line. 

On AB describe an isosceles triangle ADB, having its vertical angle equal 
to the given constant angle. Draw any line through D and take points on it 
such that DP. DQ=DA?, P and @ being supposed on opposite sides of AB. 
Then DA, DB touch the circles PAQ, PBQ respectively ; 

- LDAQ=APD, and DBQ=BPD. 
Hence, adding, AQB— ADB=4 PB, i.e. AQB— APB=the given angle. 
Further, by similar triangles, 
AP; PD=AQ: AD, i.e, AP: AQ=PD: AD. 
Similarly, BP:BQ=PD:BD; -. AP: AQ=BP: BQ, 
te. AP: BP=AQ: BY. 
Hence the points P and @ are related as in question, and since they are 


inverse points with respect to D, if P describe a circle, @ will describe either 
a circle or a straight line. 


657. [L'.17.e.] A, B, C, D, Z are five points on a circle. Conics are drawn 
having E for focus and touching the sides of BCD, CDA, DAB, ABC respec- 
tively. Prove that they are parabolas and that their directrices are tangents to 
another parabola having E for focus. 

Reciprocating, we get a parabola, focus Z, and four tangents, while the four 
conics become the circles circumscribing the triangles formed by these four, 
and since these circles pass through the focus £, the original conics must be 
parabolas. 

Further, the centres of the four circles lie on a circle through £. This 
may be proved thus: 

Let PQR be the triangle formed by three of the tangents, and let the 
other tangent meet its sides in P’, Y’, RB’. 

Denote the centres of the circles PQR, PQYR’, QOPR, O'PR, by a, B, y, 6 
respectively. 

Then al’=aEKand BP=BE; -. Lak B=aPB=uPQ-BPY. 

But aPQ=90°- PRQ, BPQ=90°- PUR; -. aEB=UPR. 

Again, since the line joining the centres of two circles is perpendicular to 
their common chord; .. oyB=QER=QPR. 

-. aLB=ayB, i.e. a, B, y, E are cyclic. Similarly, 5 lies on the same 
circle. The theorem in question is the reciprocal of this. 


658. [A.3.] If the system of equations 
etyt+z=0, ax*+by?+c22=0, aat+by'+cA=0 
admit of a solution other than «=y=z=0, then 
(b+c¢)(c+a)(a+b){(b+c)(e+a)(a+b)—8abe \=0, 
From the last two equations 


MEDS. 
oa? (y? —2*) en 
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But y+z=-—-2; & sera is 0 sai 
af yy —2) 
os alld bt+e " b+e on 
~x(y-2)e-y—2) 22%(y—2) 
b+e 2x? 


Hence, if , y, z are not all equal, —-=—, ete. 
a YZ 


These are satisfied if b+c=0, x=0, and sets of similar conditions. 
Otherwise, multiplying, we have (b+c)(e+a)(a+b)=8abe. 


659. [K.2.b.c.] Jf t,, t, t, be the tangents from the centre of the nine-point 
circle of a triangle to the escribed circles, prove that 
t,? te? , ty? ¢+12r 


> Ss % 





16 sin 2 sin J sin F) 
We have t?=($R+r,"-r=} ty i ; 
: oh | «3 : 
: a en R?. '+3R 
r, 4 oT 3 
- R?+12Rr 


4r 
Smee Wea Ry 
and 7r=4 sin — sin — sin —- 
2 2 2 


660. [K. 20. c.] Prove that if s be the sum of the four values of 6 less than 
27 which satisfy the equation 


a cos 2(9—a)+bcos(@— B)+c=0, 
then s=2nr +4a, where n is some integer. 
1-?# 
1+2 


4 
cos 0326-0 ae ; 


Ree Pi 2¢t 
Putting tan==¢, we have sinO=——,, cos @= 
po 2 a 1+? 


4t(1 — ¢?) 
a+ey’ 
whence substituting and reducing, we ‘find 
# (a cos 2a — bcos 3 +c) — 2¢3(2a sin 2a — b sin f) 
+ 207(¢ — 3a cos 2a) + 2¢(2a sin 2a+6 sin 2) 
+acos2a+bcos B8+c=0. 
If the roots of this equation be ¢,, ¢,, etc., then 
es Mae-—Beee 


tan —-= cod ME 
2° 1 -LVhyto + htotst, 





sin 20= 


e. 8a sin 2a 
~ (acos 2a — bcos 8 +c) —2(¢ — 3a cos 2a) +(a cos 2a +b cos 8 +c) 





=tan2a; .. S= nt + 2a. 
661. [L'. 17. e.] Prove that if the conics 


oh cael and ax* + By? + 2yary=1 


62 9 
intersect at right angles, then 
aa*-1 2  £-1 

aah? a?+b? Bab?” 
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Suppose the conics intersect at a point whose eccentric angle is 0. 
The tangents are 


2 COS i 
econ @ , yain dO _ 
a b 
If these are perpendicular, then 
b(aa cos 9+ ybsin 6) cos 0+ a(ya cos 6+ Bb sin A) sin 6=0 
or ab(a cos? 9+ 8 sin® 0)+y(a?+6")sin Ocos =O. ......... (i) 
Also, since the point 6 is on the second conic, 
*. aa? cos? 6+ Bb? sin? 0+2y .absin 6 cos 6=1=cos? 9+sin? 6, 
te. (aa? —1) cos? 0+(Bb? - 1) sin? 0+2y .absin Ocos9=0. ..........+ (ii) 
The equations (i) and (ii) to determine tan 9 must be identical. Hence, 
comparing coefficients, we have 
aa?—1_ Bb?-1_ 2ab 
aba bBo a? + OF 


1, x(aa cos 9+ ybsin 6)+y(yacos + Bb sin #)=1. 





662. [R.1.e.] A hevagonal framework is made of six light smoothly- 
jointed wires, and has six equal particles attached to its angular points. One 
of its sides is maintained in a fixed horizontal position and the other sides are 
held in the same straight line with it and then released. Shew that when the 
Framework is a regular hexagon the velocity of separation of the two horizontal 
sides will be ae ps 1 

f3Vv3_ 2 


\-o “gy > 





where « is the length of a side. 


Let v be the velocity of either of the upper particles, when the rods 
make an angle @ with the vertical. Then the velocity of either of the 
lower particles is 2v cos 6 vertically. 

Hence the equation of energy is 


mv? +m(2v cos 6) =2mg . asin 6+2mg .2asin 6, 
ze. v?(1+4 cos? 9)=6ga sin 0. 


Hence, when §=60°, 2v?=3/3ga, and the required velocity is 
19 5 
2v cos 60° =v= {*5 ga\ ; 


663. [R.9.b.] A ball A of mass nm impinges obliquely on another B, of 
mass m, at rest. Shew that there will in general be two positions in which B 
can be placed, so that the direction of A’s motion may be turned through a 
given angle a, if 





l+e l-e 
n<—J— cosec a — - 


If, however, there be only one position for B, and if e=1, a=5, shew that 


2 ais : ae ° 
n "72 and the velocities of A before and after impact, and that of B, will be as 
v > 


Tate © Ws 
C08 75: sim 75: 1. 


With the usual notation, the equations for impact are 
nv cos 9+’ cos p=nu cos B,........ (i) v cos § — v' cos = —eucos B, .....(ii) 
Or OORT, ...50. 6020s iii NN re ian ccakscceoseteasesces (iv) 
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From (i) and (ii), (x+1)v cos 0=(n—e)u cos B ; 
*. from (iii), tan 0= ntl . tan B. 
a 


By the question 6=a+, and we .. have 
(n—e)(tan a+tan 8)=(n+1) tan 3(1—tan a tan B), 
4. (n+1) tan a tan? B—(1+e) tan B+(n—e)tana=0. 
This will give two values of 8, provided the roots are real, i.e. if 
(1+e)?>4(n+1)(n—-e) tana, 
te. (1+e) cosec?a >(1+e)?+4(n+1)(n—e)>(2n+1—-e)2, 
l-—e 


i l+e 
1.6. NK z cosec a — — 


If the quadratic has equal roots, this is an equality, and if e=1, a== 





2 3” 
we have n=~—-. 
V3 
In this case tan B=3. | nT — 
“"(n+1)tana 24/3’ 12 
2 
=+1 ‘ 
and tan @=*= tan =244/3; ; Om—z- 
; ere Pea ay 12 
Fa-1 
V3 


Hence, returning to the original equations, we have 


v u v’ 
sinB sin@ sin B cos @+esin @cos 2’ 


: ? u 
7.8, eee 
in = os ~ 
8 : cos 
12 12 


, 


=7 





664. [K.10.e.] The tangents TP, TP’ to a circle are bisected in M, M’, 
and the lines joining P, P’ to any point Q on the circle cut MM’ in R, PR’. 
Shew that T, R, R’, Q lie on a cirele. 

Let 7Q@ meet PP’ in U, MM’ in V and the circle in &Y. 


y IIT Typ Tp 
pares VR_PU 4 VR_OP. 





ro 0@ an VQ U0 ; 
VR. VR _PU.UP_@Q@U.UQ_QU 
Ve UG UF 0" 


Also, since (7'U, QQ) is harmonic, 
TQ _QU_TQ+QU _2VQ. 
TY UY TY+U0QY 2VT’ 
VR.VR'_VQ 
Ve Vr’ 
‘. the points 7, 2’, R, Q are cyclic. 





ie. VR. VR=VQ. VT; 
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665. [H.2.b.] Shew that if m be an integer prime to 30, then m*—1 is 
divisible by 240; and that the necessary and sufficient condition that m?-1 


should be divisible by 24 and m?+1 by 10 simultaneously is that m should be of 
one of the forms 30k +7 or 30k +13, where k is any integer. 


Since m?+1 is to be divisible by 5, » must be of one of the forms 5p+ 2, 
and m being odd, p must be odd, say 2n+1. Thus m must be of one of the 
forms 10n+7 or 10x +3. 

Hence, putting n=3h+'(k'=0, 1, 2), all possible forms are included in 
30k+10k+7 and 30k+ 10k +3. 

In the first form, we must exclude the case #=2, and in the second s’=0, 
each of which makes m a multiple of 3. The remaining forms are 

30k+7, 30k+17, 30k+13, 30k+23, ie. 30k+7, 30k413. 

For the first part, by Fermat’s Theorem, m*—1= (5). 

Also m*=(m—1)(m+1)(m?+1), and these numbers are all even, two of 
them being consecutive ; therefore m*—1 is divisible by (2x4x2), we. 16. 
Also either m—1 or m+1 is M(3) ; 

.. m*—1 is divisible by 5 x 16x 3=240. 

666. [K.1.c.] Jf p,, pz, ps be the distances of any point in the plane of 

an equilateral triangle of side a from the angular points, prove that 
Lpo?p3? — Zp,$+a?. Zp,?— at=0. 

If a, B, y are the perpendiculars from the point on the sides, we have 

BP +72+2 By cos 5 


2 


f= 





sin?™ 
3 
i.e. B?+y?+ By= 7p," and two similar equations. ............... (i) 


Also at B+y="2a, and therefore, subtracting two of the set (i), we get 
B-y= -Gat-w : 

whence combining with the remaining equation in (i), 
B+y=tp2+) (ep 

and By i 2 p,?— ; (p3" pty, 


and two similar sets, But $.2(6?++y?)+2>By= ja. Hence, substituting, 
we get l 1 


ly ois ei 4 3, 
- =pi'+g73 ‘ =(p,? — ps? +5 - =p— oe 2(p,?— ps’ P=", 


which reduces to the given form. 





667. [K.11.a.] Shew that the limiting points of the system 
e+y+IWgr+c+X(x*+y* + 2fy+c)=0 
subtend a right angle at the origin if 
oo € 
ne 
If the circle 2?+y?+2Gr+2Fy+C=0 cuts the two given circles of the 
system orthogonally, we have 
2Gg-—C-c=0, 2Ff-—C-c'=0, 
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and the orthogonal circle is 
stay Cty 4 Ce 

g J 
This circle passes through the limiting points. Hence, the line of centres 
being 


Bi Cele ‘sa aseascacastenseseayer’ (i) 


vy ee 
7 +¢= Pg: suka reat deesuvewaecseodorescstunessed (ii) 
the lines joining the origin to the limiting points, which are the intersections 
of (i) and (ii), are 
, (Cte C+e \(Z ¥) (2 y\? 
v+y*—| —«#+—_. —~+2)+C\|-+4.) =0, 
we +y ( 9 e+ 7 y ra, ss ra 


and these are perpendicular if 

C+e C+e CC 
ae + + 5H, 
ge FF 

ag Ee 5 

v.e. eR = 2. 


668, [L'.5.c.] Shew that the sum of the squares of the normals from 
Ct ae 
(&, 7) to ait pal ws 


2 


« 





o{or+ 4 2 +. rf}. 
The eccentric angles of the feet of the normals satisfy the equation 
a€ sin 6 — bn cos 6=(a? — b®) sin 6 cos 6 
or (a? — b?)?cos'@ — 2a (a? — b*) cos? + [a2E? + bn? — (a? — b?)*] cos?O+...+...=0, 
Qaké 2(a? — b*)? + 2(a?€ -- b?n*) 














whence 2 cos a=——"5, 2 cos’a= (@— bP 

: 2a, 2[a*é?— by? +(a?-b*)] 
. a “= 2 ay - Siting 

.. 3(€-acosa)?=4€?—2aé. apt? (a2 — By 

Similarly, é 
3 : 2 a 2bn 2 2[6?n? — aE? + (5? — a®)*) 
Ss ai = 2_ 9} Rr, SS 2 
=(m—-b sin a)?=4y? — 2bn. pat? : (BaP 


Adding these, the result follows. 


669. [R. 7. b. y.] A particle is projected from any point, and at the same 
time an equal particle is let fall from a point on the directrix of its path. If 
the particles meet and coalesce, shew that the tangent to the new path at the 

int of union is at right angles to the original direction of projection, and the 
height of the directrix above the original point of projection is three-quarters of 
the height of the directrix of the first path. 


Suppose the particles coalesce after time ¢. The vertical distances de- 
scribed by them in this time are wsina.t—4gt? and $g¢%, The sum of these 
must be equal to the distance of P, the point of projection from the 
directrix. 

. wsina pik, tik te 
: a. ae 

If, after time ¢, the direction of motion makes an angle 6 with the down- 

ward vertical, we have 


usin a—gt 
& COS a 


—cot @= = tan a—cosec 2a= — cot 2a. 
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Gna. But since the particles are equal, the new direction of motion 


makes an 25 with the vertical and is .. at right angles to the original 
direction of projection. 
Again, the height of the new directrix above the point of union is 
2 


soa 





, where v=gt==——,, so that this distance is IS ate. 
2g 2sina 89 
Also the height of the point of union above the point of projection is 
usina.t—sgt?= 3 - ; 3 cosec*a. 


Hence the height required is 
“.! ~ (=) 
2g 8g 4\2%9/ 


670, [R. 9. b.] A smooth sphere of mass m' is suspended from a fixed 
point by an inextensible string. Another smooth sphere of mass m falling 
vertically impinges on the first with a velocity u. Prove that the initial velocity 


of the first sphere is mu cos sin 0(1 +e) 


im +m sin26 
where @ is the inclination of the line joining the centres of the spheres to the 
vertical at the moment of impact, and e is the coefficient of restitution. 


Let v, be the velocity of m along the line of centres, v, that of m’ 
horizontally. 

The impulse of the blow on m is m(u cos 6-1), along the line of centres. 
Hence, resolving horizontally, 


90(6:008 C= 0) Si OW gs. siccecccnccdiccsescsdoodasen (i) 
Also, by Newton’s Law, 
Vy — Vg Sil Ome —CWOOBE,. .as0..cccsccescesccsescsvcoeed (ii) 
Solving (i) and (ii), we find 
yp = mu cos Asin O(1 +e) 
a m+ msin2?@ 





671. [A.1.b.] The four seer a, b, m,n being supposed positive, shew 
that unless a and b are equal, 


(ma+nb)"*" >(m+n)"*"a™b". 


First suppose m, ” positive integers. Take m quantities each equal to a, 
and m each equal to 6. Then since the a.m. of these is > their a@.m., we have 
MA+ND 7 mrnvmcrn 
m+n err 
which is equivalent to the given result. 
If m and ” are not positive integers, take 4 such that km, kn are integers. 
Then, by the above, 
kma+knb 


1 
pases cael Ac kmpjkn\km+kn 
km+kn >(ao) ; 


from which & disappears. 
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672. [L'.17.a.] Shew that the equation to the straight lines joining the 

origin to the points of intersection of the conics 

Up tUy+Uy=0, Yy+%,+7,=0 
(where Un, V, are homogeneous functions of x and y of order n) is 

(Ug Yj — ty Vp) (Uy Uy — Uy) = (Uy Vp — Uy U%)*. 

Hence find the condition that the conics 

ax*+by=ga, a'x*+by= fy 
may have contact of the second order. 


Let U, be the result of putting y=mz in u, and dividing by z’. Then we 
shall have 
Uy+ U,x+ U,2?=0, v+ Vir+ V,x?=0, 


and eliminating x from these, the equation to determine m is 
(up Vi — Fy %)( O, Vo— U,V )= (Uo Vo — V2.2)’, 


and now putting m=", and clearing of fractions, we obtain the equation to 
the lines in the form given. 
If the conics are wu, +%=0, v,+v,=0, then the equation to the three chords 


from the origin to the other points of intersection is 





Uy Vg — Ug¥, =0. 
In the case of the given conics, this is 
Ty (ax + by*)=gx(a'2* + by’) or ga'x3 — fax*y + 9b'xy? — fy =0. 
If the conics have contact of the second order, these three lines coincide, 


and .. the expression on the left is a perfect cube. The conditions for this 
may be given in a variety of forms, among others, 


2797a’"*b = fa and 27f2a'b? = 9°b’s, 


673. [L'.5.b.] Prove that two parabolas can be drawn through the feet of 
- : , 
the normals from (h, k) to —+5= 1, and that their latera-recta are 


2a?b*(ah + bk) 
(a? — 82)(a2 + o2)2 
The rectangular hyperbola through the feet of the normals is 
(a? — b*) ay + bxk — a®yh=0, 
and .. any conic through these four points is of the form 
Bx? + ay? — ab? + A[(a? — BD?) xy + Bark — a®2yh]=0. 
If this is a parabola 


ain dANP BY, ia Ama” 


ae 
and the equation takes the form 
(a? — b?)(bx + ay)? + 2ab(b*xk — a*yh) — a? b*(a? — b?)=0. 
Now the latus-rectum of (av + By)?+2gx+2fy +c=0 is 
2(fa-gB) 
(a+ B2)t 


giving the required values in these cases. 
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ie 674. [L'. 6.c.] P and @ are points on the equilateral hyperbola xy=k’, 
such that the osculating circle at P passes through Q. Shew that the locus of 
the pole of PQ is 
(2? +y?)? = 42x. 

Let the equation to PQ be pr+qy=1, P being (4, km). The equation to 

the osculating circle is then of the form a 
xy —KP + X(m*x+y — 2km)( px + qy -1)=9, 

with the conditions m*p=q. 





k m m =P 

e = nam h eee =————.. so that P@ is 

Also p> +g km=1, whence p Ki+miy 1~i+miy so that PQ 

max +miy —k(1+m*t)=0. 
Comparing this with 2y'+.’y —2k?=0, we have 
y_ xv 2 

mm 1+m” 
whence, eliminating m, we obtain the required locus of (2’, 7’). 

: 675. [R. 7. b. y.] Heavy beads, n in number, are attached to a string at 
regular distances a apart, and lie heaped together on a table. One is raised 
to a height just less than a, and from that position is projected vertically upwards 
with velocity V. Shew that, if 

72 = 4ga(n —2)(2n?+n+3), 
the n® bead will just not rise from the table. 

Let w, be the velocity of the system just before the r* bead leaves the 
table, v, just after. Then, since the total momentum is unaltered by the 
jerk which sets the r™ bead in motion, 

.. (r—1)4,=9r2,. 

(r-1) 


Also u,?=v,.7—2ga, whence 
(r—1)u,? —(r — 2)? . u,1? = — 2ga(r—1)°. 
Taking this equation for all values of r from x to 3, and adding, we obtain 


(n—1)P up? — 1?. ug? = — Qga[(n —1P+(n—-2)?+...+27] 
ae [**- UG ad! 1} 


But w,= V, and the condition required is u,=0, leading to 


2n3 — 3n? +n — 


V2=29a. 7 8 «a ya(n —2)(2n?+n+3). 


676. [R. 7. b. y.] A heavy particle projected with velocity u strikes at an 
angle of 45° an inclined plane of angle B, which passes through the point of 
projection. Shew that the vertical height of the pornt struck above the point of 
projection is ut 1+cot B 
g ° 2+2cot B+co#8 





Suppose the particle strikes the plane after time ¢. Then we must have 
ucos(a—8)—gsin B.t= —[usin(a—B)—gcos PB. t], 
i.e. u[cos(a — 8)+sin(a— B)]=gt(cos B+sin B). 
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672. [L'.17.a.] Shew that the equation to the straight lines joining the 
origin to the points of intersection of the conics 
Up tuU+uU,=0, uy+%7,+7,=0 
(where Un, V, are homogeneous functions of x and y of order n) is 
(Ug Yy — Uy Vo) (Wy Uy — Ug P1) = (Uy Vy — Uy Up). 
Hence find the condition that the conics 
av+by=ge, az+by=f'y 
may have contact of the second order. 
Let U, be the result of putting y=mz in uw, and dividing by x”. Then we 


shall have 
Ut Ujx+ U,22=0, w+ Vi 2+ V,2?=0, 


and eliminating x from these, the equation to determine m is 
(up Vi — 0 %)( O, Va — Uz V1) =(uo Vo — V2), 


and now putting m=", and clearing of fractions, we obtain the equation to 


the lines in the form given. 
If the conics are wu, +%,=0, v,+v,=0, then the equation to the three chords 


from the origin to the other points of intersection is 
Uy Vo — Ugv, =0. 
In the case of the given conics, this is 
Sy (ax? + by*)=gx(a'x? + b'y*) or ga'x — fax*y + gb'xy? — f’by=0. 
If the conics have contact of the second order, these three lines coincide, 


and .. the expression on the left is a perfect cube. The conditions for this 
may be given in a variety of forms, among others, 


27g?a"*b=f7a> and 27f%a'b?=9b’. 


673. [L'. 5. b.] Prove that two parabolas can be drawn through the feet of 


“eS 
the normals from (h, k) to +h 1, and that their latera-recta are 


2a*b*(ah + bk) 
(a? — b)(a? +82)? 
The rectangular hyperbola through the feet of the normals is 
(a? — b*) vy + b2xk — a®yh =0, 
and .. any conic through these four points is of the form 
Bx? + a®y? — a*b? + A[ (a? — bay + b2xk — a®yh]=0. 
If this is a parabola 


ab? =f rA*(a? -b?, te. A= + a 


a— bp?’ 
and the equation takes the form 
(a? — b?)(bx + ay)? + 2ab(b*vk — a*yh) — a?b*(a? — b?)=0. 


Now the latus-rectum of (ax + By)? +2gx+2fy +c=0 is 
2( fa -98) 
(a?-+ 62)! 


giving the required values in these cases. 
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674. [L'. 6.c.] P and @ are points on the equilateral hyperbola xy=k’, 
such that the osculating circle at P passes through Q. Shew that the locus of 
the pole of PQ is 





(2? +4? =4ay. 
Let the equation to PQ be pr+qy=1, P being (4, km). The equation to 
the osculating circle is then of the form - 
xy —k? + (mex +y —2km)(px+qy -—1)=9, 
with the conditions m*p=q. 


Also p= +g.km=1, wh eo 
so Pt? m=I1, whence P= EG +mty 1k +m'y * 


mx +my —k(1+m*)=0. 
Comparing this with xy'+.’y —2k?=0, we have 
ff = 


Sede 
m m 1+m! 


whence, eliminating m, we obtain the required locus of (w’, y’). 


675. [R. 7. b. y.] Heavy beads, n in number, are attached to a string at 
regular distances a apart, and lie heaped together on a table. One is raised 
to a height just less than a, and from that position is projected vertically upwards 
with volnily V. Shew that, if 


V2=1ga(n —2)(2n*+n+8), 
the n™ bead will just not rise from the table. 


Let u, be the velocity of the system just before the r bead leaves the 
table, v, just after. Then, since the total momentum is unaltered by the 
jerk which sets the r™ bead in motion, 


.. (r—1)u,=rv,. 
Also u,7=v,_;7—2ga, whence 
(r-1fu? —(r—2)? . u,_1?= — 2ga(r—1)*. 
Taking this equation for all values of r from x to 3, and adding, we obtain 


(n—1)?u,? — 17. uw? = — 2ga[(n —1P+(n—2)?+...4+27] 
=- tn k (n—- =) 1} 


But w= V, and the condition required is u,=0, leading to 


2n3 — 3n? +n — 


V2=29a 5 6 _ Aga(n —2)(2n?-+n+3). 


676. [R. 7.b. y.] A heavy particle projected with velocity u strikes at an 
angle of 45° an inclined plane of angle B, which passes through the point of 
projection. Shew that the vertical height of the pornt struck above the point of 


projection is re 1+cot 8 
g © 2+2cot B+co#f 
Suppose the particle strikes the plane after time ¢ Then we must have 
ucos(a—8)—gsin B.t= —[wsin(a—B)—g cos B. t], 
i.e. u[cos(a — B)+sin(a— B)]=gt(cos B+sin B). 
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2u sin(a—) | 
But ; -p)= 
u t= aS ; .. cot(a—B)=1+2 tan B, 
cos(a— 8) _sin(a—f) _ 1 J. : 
é. = we Sa Wr RET. pS: 
1+2tanB 1 ~ /2+4tanB+4tan'pB 
Hence 
cosB+(1+2tan B)sinB | 1 


sina=sin(a— 8+ )= 





Vk 7 9 ae 


Thus the vertical distance described in time ¢ is 





, Dy2 9 tan2 Qu2 1+tan? 
wsin a. t—3g@== : 1+tan 8+2 tan Bu 1+tan*@ 


! k g° Ok 
_2u? tan B+tan’p 
—: E A 

as given. 


677. [K.4.] A triangle is given in species and one vertex is fixed while the 
others lie one on each of two given circles. Construct the triangle. 


Let A be the fixed vertex, and draw through A the diameter ADD’ of the 
circle on which B lies. On AD describe a triangle ADE similar to ABC, 
and through D’ draw D’E’ parallel to DE to meet AZ produced in LZ’. 


Then AD: AE=AB: AC, i. AD: AB=AE: AC, 


and .DAB=EAC; .. the triangles DAB, EAC are similar. So also are 
the triangles ABD’, ACE’. Hence C lies on the circle on HE’ as diameter. 
Hence the intersections of this circle with the second given circle are the 
possible positions of C. 


678. [I. 7 A pure recurring decimal has N figures in its period, of which 
m are equal to a, n equal to b, etc. Prove that the sum of all the different 
decimals obtained by interchanging the figures in all possible ways is 





3 a ae (ma+nh+pe+...). 
The number of permutations of the WV figures among themselves is 
N! 
m!n! pl... 

In ae of these the figure a will occupy the 7 place 
Gm— yin. ' 

ss be SE er ae Winco. Gavsmbaedacswedesediacks 
m!(n—1)!pl...’ 

and so on. 


Hence the sum represented by the figures in the r place in all possible 
decimals is 





{_(W-1)! |, (W-)! a 


Um —1)in! pl...” * mi(n—1)!p 10° 
= (0-1 Se 
atalp -(ma+nb+.. m3 Ta 
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*. the sum of all the decimals is 


(N-1)! . @e 
minip!...marnb+...). Bro 
r=2 1 | 
d i ae 
as 10-9 


679. [K.2.a.b.] Prove that the angle 0 between the lines joining the ortho- 
centre to the centres of the inscribed and circumscribed circles of a triangle is 


given by . 1+p+2q+8r 
2/(1+8r)\(l+p+q+2r) 


where cos A, cos B, cos C are the roots of the equation «3 + px?+qr+r=0. 





cos 0 


e. ; : _ OP?+ PI?- O07? 
With the usual notation cos = a) a 


Now denoting the radius of the incircle by p, we have 
OP?= F2(1+8r), PI?=2p?+4Rr, OF?=R?-2Rp. 
Also p=4R# sin : sin ® sin : ; 
*. p?=2R?(1 —cos A)(1—cos B)(1—cos C)=2R?(1+p+q+r), 
whence PJ?=48?(1+p+q+2r). 
Further, p=R(cos A +cos B+cos C—1)= — R(p+1). 


Making these substitutions, we obtain the result as given. 


680. [LI 2. b.] If (71%), (2H2), (%3¥3) are the vertices of a triangle self- 
s 
conjugate to the ellipse +5 1, shew that the area of the triangle is 


1 
Saaga (2s ~ U3Y2)(X3Y) ~ XY3)(X Yo > T2Yj)- 


The area of the triangle formed by the polars of the given points is 





8 
i) 
to 
Ibo 





M,N 
V5 Y2 











where A is the area of the triangle formed by the three points. But if the 
triangle is self-conjugate, A’=A, whence the result. 


200 THE MATHEMATICAL GAZETTE. 


681. [L'. 4b. a.] Shew that the envelope of the chord of the conic 
ax* + Qhay + by? +c=0, 
the tangents at whose extremities cut at right angles, is the conic 
Po 
(a+ Rat + (02+ Ay? + 2(a+ b)hay =" ae 
The equation to the director circle is 
(ab — h?)(a?+y?)+c(a+6)=0, 
bel—chm —chl+cam 


and the pole of /x+my+1=0 is ab—h?” ~~ ab—-h 


If this lies on the director circle, we have 
e[(bl — hm)? + (hl — am)?|+(a+b)(ab—h?)=0 


or (62+ A?) 2? —2h(a+b)m+(a?+h?)m?+A=0, 
ab — h?) 


where A= (a+ ee 


, and the corresponding Cartesian equation is 
(a? + A 22 4+2h(at+b)Ary+(? +h?) Ay? + (ab-/?YP=0. 


682. [R. 7. b. y} A wire ABC in the form of an equilateral triangle is fixed 
on a horizontal table. A particle is projected from a point in BC in a direction 
parallel to BA. If the — of projection divides BC in the ratio 2e : 3e—1, 
prove that the particle will return to it after impinging on AC and AB. 


After the first impact at ZH let the direction of motion make an angle a 
with CA, and after the second impact at F, an angle B with AB. Then 


tan a=e tan 60°, tan B=e tan (120°—a), 


N 7 +e) 


whence tan B= = 


If the particle returns to P, the point of projection, we have 
BP_sinB PF__sin(120°-a)_ 
PF sin60” PE sin(120°—a+) 


BP _ 2 sin Bsin(60°+a) 
Hence PC= J3 sin (60° +a—B) 


8 tan B(/3+ tan a) 
/3/3(1+tan a tan 8)+(tan a—tan 8) 
Substituting and reducing, this fraction is 


Qe(lt+e® Qe 
38+ 5e+e-1 3e-1 


and PE=PC. 





E. M. Raprorp. 
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